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NEWTON MAPS OF COMPLEX EXPONENTIAL
FUNCTIONS AND PARABOLIC SURGERY
KHUDOYOR MAMAYUSUPOV
Abstract. The paper deals with Newton maps of complex expo-
nential functions and a surgery tool developed by P. Ha¨ıssinsky.
The concept of “Postcritically minimal” Newton maps of complex
exponential functions are introduced, analogous to postcritically fi-
nite Newton maps of polynomials. The dynamics preserving map-
ping is constructed between the space of postcritically finite New-
ton maps of polynomials and the space of postcritically minimal
Newton maps of complex exponential functions.
1. Introduction
Let f : C → C be an entire function. The meromorphic function
defined by Nf (z) := z − f(z)/f ′(z) is the Newton map of f ; we also
say that Nf is obtained by applying Newton’s method f . We define a
complex exponential function to be an entire function of the form
(1.1) p(z)eq(z),
for p = p(z) and q = q(z) polynomials. Newton’s method applied
to (1.1) yields z − p(z)
p′(z)+p(z)q′(z) , which is a rational function since the
exponential terms eq cancel.
This paper deals with the family of rational functions obtained by
applied Newton’s method to the family of complex exponential func-
tions (1.1). Finite fixed points of Newton maps are attracting, the roots
of polynomial p, and the point at ∞ is a parabolic fixed point when
deg(q) > 0 and a repelling fixed point otherwise. The main goal of
this paper is to lay the groundwork to the theory of all Newton maps
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2 K. MAMAYUSUPOV
of complex exponential functions that runs parallel to the theory of
Newton maps of polynomials.
Recall that a rational function is called postcritically finite if its
critical orbits form a finite set. Every critical point in the Fatou set
of a postcritically finite rational function eventually lands at super-
attracting periodic points. We say that a pair of distinct critical points
c1 and c2 of a rational function R are in critical orbit relations if
R◦k(c1) = R◦l(c2) for integers k and l.
Definition 1.1 (Minimal critical orbit relations ). Let c1 ∈ U1 and
c2 ∈ U2 be critical points of a rational function R of degree at least
2, where U1 and U2 are connected components of the Fatou set of R.
Assume R◦m(U1) = U2 with minimal m ≥ 1. We say that c1 and c2 are
in minimal critical orbit relations if R◦m(c1) = c2.
Let a critical point c1 ∈ U1 be captured by other critical point c2 ∈
U2 with R
◦m(U1) = U2 with minimal m ≥ 1, where U1 and U2 are
connected components of the Fatou set of R. Of course c1 needs at
least m iterates to land at c2. The minimality condition requires that
c1 is not allowed to take more iterates than m when it lands at c2 for
the first time.
Let us introduce a new notion, and call it postcritically minimal, in
the family of Newton maps of complex exponential functions.
Definition 1.2 (Postcritically minimal Newton map). A Newton map
Npeq is called postcritically minimal (PCM) if its Fatou set consists of
superattracting basins and parabolic basins of ∞, and the following
holds:
(a) critical orbits in the Julia set and in superattracting basins are
finite;
(b) every immediate basin of∞ contains one (possibly with high multi-
plicity) critical point, and all other critical points in basin of∞ are
in minimal critical orbit relations such that if c is a critical point
in a strictly preperiodic component U , of preperiod m ≥ 1, of the
basin of ∞, then N◦mpeq (c) is a critical point in one of immediate
basins of ∞.
In the parameter space of Newton maps of polynomials (parametrized
by locations of roots of polynomials) connected components of hyper-
bolic functions are called hyperbolic components. Every bounded hy-
perbolic component contains a unique “center”, which is known to be a
postcritically finite function [Mil12]. Let p be a polynomial with simple
roots, deg(p) = d − n ≥ 0, and deg(q) = n ≥ 1. Similarly, we define
the stable components of the parameter plane of Newton maps of (1.1),
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parametrized by coefficients of p and q, to be connected components
consisting of functions whose all critical points belong to attracting
basins or parabolic basin of ∞. For this family of functions the point
at ∞ is persistently parabolic with the multiplier +1, thus these sta-
ble functions form an open set in the parameter plane. Similar to
hyperbolic components, one can observe that using a suitable surgery
developed by C. McMullen [McM86] every function within a bounded
stable component can be quasiconformally perturbed to a “center” one,
which is a postcritically minimal Newton map. This process keeps the
dynamics unchanged on Julia sets. Not every postcritically minimal
Newton map of (1.1) is a “center”, likewise not every postcritically fi-
nite Newton map of polynomial is a “center” of hyperbolic component
in the corresponding parameter space.
The definition of postcritical minimality is a generalization of post-
critically finiteness by allowing parabolic domains with minimal criti-
cal orbit relations. Finding an appropriate and compact definition for
postcritical minimality is motivated by the above mentioned surgery
of C. McMullen. The postcritical minimality condition is automati-
cally satisfied for postcritically finite Newton maps of polynomials. In
superattracting domains a captured critical point (free critical point)
eventually lands at a critical cycle in minimal iterate. In contrast, in
parabolic domains a captured critical point may take longer iterate
(not minimal) before it lands at the critical point in one of immediate
basins of a parabolic periodic point.
In Proposition 2.7 it is shown that every component of the Fatou
set of postcritically minimal Newton maps contains a unique center,
defined below, and the map has normal forms: in immediate basins of
parabolic fixed point the dynamics are conjugate to parabolic Blaschke
products Pk(z) :=
zk+a
1+azk
, where a = k−1
k+1
, and in all other Fatou compo-
nents the dynamics are conjugated to power maps z 7→ zk, where k is
the local degree of the function at the center of the Fatou component.
Definition 1.3 (Centers of Fatou components). Let Npeq be a PCM
Newton map and U be a component of its Fatou set. A center of U is
a point ξ ∈ U such that
(a) when U is a component of a superattracting basin, then ξ is its
unique critical periodic point;
(b) when U is an immediate basin of ∞, then ξ is its unique critical
point;
(c) when U is strictly preperiodic, of preperiod mU ≥ 1, then N◦mUpeq (ξ)
is the center of N◦mUpeq (U), which is an immediate basin of a super-
attracting periodic point or of the basin of ∞.
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Let Np be the postcritically finite Newton map of a polynomial p with
d = deg(p) ≥ 3. Then deg(Np) = d and every root ξ of the polynomial
p is simple. As a rational function of degree d ≥ 3, the Newton map
Np has 2d−2 critical points counting with multiplicities, d of them are
superattracting fixed points (without counting multiplicities), the roots
of p. All other d−2 or less critical points have finite orbits, some are on
the Julia set. Critical points on the Fatou set may form superattracting
periodic points of high period, these in turn may capture some other
critical points. But always, all critical orbit relations in the Fatou set
are minimal critical orbit relations.
Let Npeq be a postcritically minimal Newton map with deg(Npeq) =
d ≥ 3 and deg(q) = n ≥ 1. Then p is not constantly zero and
deg(p) = d − n. When deg(p) ≥ 1 the roots of p are simple and are
the only superattracting fixed points of Npeq . There are n immediate
basins of the parabolic fixed point at infinity with exactly one critical
point (possibly with high multiplicity) in each. All other d− 2 or less
critical points of Npeq eventually land at repelling periodic points on
the Julia set, thus have finite orbits. Some of the other critical points
on the Fatou set may form their own superattracting periodic points
of high period, and all are always in minimal critical orbit relations
among themselves. The critical orbit relations could be either on the
superattracting domains or on the parabolic domains at infinity.
In [Ha98], P. Ha¨ıssinsky developed a surgery tool to turn an attract-
ing domain of a polynomial to a parabolic domain of other polynomial
while keeping the dynamics on the Julia set unchanged. This proce-
dure is referred to “parabolic surgery”. It takes a polynomial with an
attracting fixed point, an accessible repelling fixed point on the bound-
ary of the immediate basin of attraction, and changes this domain to a
parabolic one; the repelling fixed point becomes a parabolic fixed point
for the new polynomial, but the dynamics will not be changed on the
Julia set.
For the Newton map of a polynomial the basins of attraction of fixed
points have a common boundary point at∞, the parabolic surgery can
be applied to make the point at ∞ a parabolic fixed point for the re-
sulting map. After a suitable normalization, an affine conjugacy, the
surgery process results to a rational function which is the Newton map
of peq for some polynomials p and q. This operation defines a mapping
from the space of all postcritically finite Newton maps of polynomials to
the space of Newton maps of (1.1). This mapping preserves dynamics,
via a David homeomorphism, away from marked basins, in particular,
dynamics are conjugate on the Julia sets. Moreover, the marked basins
for doing surgery become parabolic basins. Marked access of marked
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immediate superattracting basins, in turn, become dynamical accesses
in the parabolic immediate basins of the resulting map. In [Ma], we
give a one-to-one correspondence between the space of postcritically
minimal Newton maps of (1.1) and the space of postcritically finite
Newton maps of polynomials. This will be a classification of Newton
maps of complex exponential functions by complementing the classi-
fication result for Newton maps of polynomials [LMS1, LMS2]. Our
main theorem is the following.
Main Theorem 1.4 (Parabolic surgery for Newton map of polyno-
mial). Let Np be a postcritically finite Newton map of degree d ≥ 3, and
∆+n be its marked channel diagram with 1 ≤ n ≤ d. For all 1 ≤ j ≤ n,
let A(ξj) be the marked basins of superattracting fixed points ξj. Then
there exist a homeomorphism φ and a postcritically minimal Newton
map Np˜eq˜ of degree d with deg(q˜) = n such that
(a) φ ◦ Np(z) = Np˜eq˜ ◦ φ(z) for all z 6∈
⋃
1≤j≤nA◦(ξj); in particular,
φ : J(Np)→ J(Np˜eq˜) is a homeomorphism which conjugates Np to
Np˜eq˜ ;
(b) φ(∞) = ∞, and φ(⋃1≤j≤nA(ξj)) is the full basin of the parabolic
fixed point at ∞ of Np˜eq˜ ;
(c) φ is conformal in the interior of Cˆ \⋃1≤j≤nA(ξj);
(d) the marked invariant accesses of the marked channel diagram ∆+n
of Np correspond to all dynamical accesses of the parabolic basin of
∞ for Np˜eq˜ .
Remark. In the theorem the conjugacy breaks down only on the
marked immediate basins.
The class of Newton maps of complex exponential functions (for
deg(q) ≥ 1) was studied very little; in [Har99], in a pioneering work,
M. Haruta showed that the area of every immediate basin of an at-
tracting fixed point is finite if deg(q) ≥ 3. This is in contrast to the
corresponding result for Newton maps of polynomials where the area of
every immediate attracting basin is infinite. In certain cases the area
is infinite even when deg(q) ∈ {1, 2}, see [Cil04, CJ11].
Overview of the paper. In Section 2, we review the dynamical proper-
ties of Newton maps and state Proposition 2.3 on number of invariant
accesses to ∞. Structure of postcritically minimal Newton maps on
each components of the Fatou set is provided in Proposition 2.7. In
Section 3, we review the whole construction of the proof of Ha¨ıssinsky
theorem (parabolic surgery) for polynomials and adapt it specifically
for Newton maps of polynomials. In the last section we prove Main
Theorem 1.4.
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Notations. Let us denote by R◦n the nth iterate of a rational function
R and zn denotes the nth power of a number z. For a rational function
R, let F (R) and J(R) denote the Fatou set and the Julia set of R
respectively. For a polynomial p, denote by K(p) the filled Julia set of
p. Denote the local degree of a function R at a point z by deg(R, z). Set
CR = {z| deg(R, z) > 1}, critical points of R, and PR =
⋃
n≥1R
◦n(CR),
the postcritical set of R. The function R is called postcritically finite
(PCF ) if PR is finite. The function R is called geometrically finite if
the intersection PR ∩ J(R) is finite.
2. Dynamical properties of Newton maps
Let f : C → C be an entire function (polynomial or transcendental
entire function). The meromorphic function given by Nf (z) := z −
f(z)/f ′(z) is called the Newton map of f(z). The following theorem
describes a Newton map in terms of its fixed point multipliers.
Theorem 2.1. [RS07] Let N : C→ Cˆ be a meromorphic function. It is
the Newton map of an entire function f : C→ C if and only if for each
fixed point ξ, N(ξ) = ξ, there is a natural number m = mξ ∈ N such
that N ′(ξ) = (m−1)/m. In this case there exists a constant c ∈ C\{0}
such that f = ce
∫ dζ
ζ−N(ζ) . Two entire functions f and g have the same
Newton map if and only if f = cg for some constant c ∈ C\{0}.
From [RS07], it is known that for an entire function f : C → C its
Newton map Nf is a rational function if and only if there are polyno-
mials p and q such that f has the form peq, the complex exponential
functions.
Let ξ be an attracting or a parabolic fixed point with multiplier +1
of R. The basin A(ξ) of ξ is int{z ∈ Cˆ : limn→∞R◦n(z) = ξ}, the inte-
rior of the set of starting points z which converge to ξ under iteration.
An immediate basin A◦(ξ) of ξ is the forward invariant connected com-
ponent of the basin. For a parabolic fixed point there could be more
than one immediate basin. Every immediate basin of a parabolic fixed
point with multiplier +1 contains an open simply connected forward in-
variant domain where every orbit passing through the immediate basin
must visit this domain and stays there. This domain is called an at-
tracting petal. The basin of an attracting or a parabolic periodic point
is defined similarly.
The point at ∞ for a Newton map Npeq is parabolic with multiplier
+1, and there exist k attracting petals at ∞, where k is exactly the
degree of q (see [Har99, RS07].)
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Figure 1. The Julia set of the Newton map of degree
12. Yellow is the basin of parabolic fixed point at∞ with
5 petals, thick white dots with black circle boundary are
fixed points,and white dots are critical points.
Remark. For a Newton map Npeq the basin of the parabolic fixed point
at ∞ can be understood as a virtual basin (see [MS06] and [RS07] for
the definition of a virtual basin for meromorphic Newton maps).
The immediate basin of a fixed point of a rational Newton map is
simply connected and unbounded [MS06, Prz89]. M. Shishikura proved
that not only immediate basins are simply connected but all compo-
nents of the Fatou set are simply connected for every rational function
with a single weakly repelling fixed point [Shi09]. As a corollary of
Shishikura’s result we obtain that the Julia set for a rational Newton
map is connected. Recently, K. Baran´ski, N. Fagella, X. Jarque, and B.
Karpin´ska generalized this result to the setting of meromorphic New-
ton maps proving that the Julia set is connected for all Newton maps
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of entire functions [BFJK14]. In [BFJK17], they proved that invari-
ant Fatou components of Newton maps of entire functions, the Newton
map is transcendental in general, have accesses to infinity.
Definition 2.2 (Invariant access to∞). LetA◦ be the immediate basin
of a fixed point ξ ∈ C or the parabolic fixed point at∞ of a Newton map
Npeq . Fix a point z0 ∈ A◦, and consider a curve Γ : [0,∞) → A◦ with
Γ(0) = z0 and limt→∞ Γ(t) = ∞. Its homotopy class (with endpoints
fixed) within A◦ defines an invariant access to ∞ in A◦.
As an initial point of a curve γ′ to ∞ we may consider any other
point z′0 ∈ A◦. We take any curve γ0 joining z0 to z′0; then γ0 ∪ γ′ is a
curve starting at z0 and landing at ∞ in the same homotopy class of
γ′, thus the choice of z0 in the definition is not relevant.
Consider a curve η that joins z0 to Npeq(z0). Then for any curve
Γ : [0,∞) → A◦ with Γ(0) = z0 and limt→∞ Γ(t) = ∞, the curve
Npeq(Γ) ∪ η belongs to the invariant access defined by Γ. This type
of invariant accesses to ∞ (all invariant access of Newton maps are of
this type) is called strongly invariant access in [BFJK17]. In the case
of immediate basins of the parabolic fixed point at ∞, there always
exists a special type of an invariant access called dynamical access to
∞. We obtain this access by considering any curve η that joins z0 to
Npeq(z0), and taking the homotopy class of the curve Γ :=
⋃
k≥0N
◦k
peq(η),
which lands at∞ and is forward invariant under Npeq . This dynamical
access is of great importance for obtaining a correspondence between
the spaces of Newton maps [Ma].
Every immediate basin of a Newton map has one or several invariant
accesses to infinity. The following is a partial case of more general
result on accesses within Fatou components of Newton maps of all
entire functions [BFJK17, Corollary C].
Proposition 2.3 (Invariant accesses to∞). Let Npeq be a Newton map
of degree d ≥ 3, and A◦ be an immediate basin of a fixed point ξ of
Npeq (an attracting or the parabolic fixed point at ∞). Assume that
A◦ contains k critical points of Npeq (counting multiplicities), then the
restriction Npeq |A◦ is a branched covering map of degree k+ 1, and A◦
has exactly k distinct invariant accesses to∞. In the case of a parabolic
immediate basin of ∞, there always exists one dynamical access among
k invariant access to ∞.
For 1 ≤ i ≤ d, let ai be the superattracting fixed points of a post-
critically finite Newton map Np of degree d and let A◦i be their im-
mediate basins. Let φi : (A◦i , ai) → (D, 0) be a Riemann map (global
Bo¨ttcher coordinate) with the property that φi(Np(z)) = (φi(z))
ki for
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each z ∈ D, where ki − 1 ≥ 1 is the multiplicity of ai as a critical
point of Np. The map z 7→ zki fixes the ki − 1 internal rays in D.
Under φ−1i these rays map to the ki − 1 pairwise disjoint (except for
endpoints) simple curves Γ1i ,Γ
2
i , . . . ,Γ
ki−1
i ⊂ A◦i that connect ai to ∞.
These curves are pairwise non-homotopic in A◦i (with homotopies fix-
ing the endpoints) and are invariant under Np as sets. They represent
all invariant accesses to ∞ of A◦i .
Definition 2.4 (Channel Diagram ∆). The union
∆ =
d⋃
i=1
ki−1⋃
j=1
Γji
is called the channel diagram. It forms a connected graph in Cˆ that
joins finite fixed points to ∞.
It follows from the definition that Np(∆) = ∆ as sets. The channel
diagram records the mutual locations (embedding) of the immediate
basins of Np.
Definition 2.5 (Marked Channel Diagram ∆+n ). Let Np be a post-
critically finite Newton map with superattracting fixed points a1, a2, . . . , ad.
Let ∆ =
⋃d
i=1
⋃ki−1
j=1 Γ
j
i be the channel diagram of Np. For each 1 ≤ i ≤
d, let us mark at most one fixed ray Γj
∗
i in the immediate basin of ai.
If a fixed ray in the immediate basin of ai is marked then the basin of
ai as called a marked basin. If n ≤ d rays are marked, then the marked
channel diagram is denoted by ∆+n .
A basin can be marked or unmarked. The marked channel diagram
is a channel diagram ∆ with marking, that is extra information about
which fixed rays are selected (marked). Parabolic surgery transforms
the marked access of postcritically finite Newton map to a dynamical
access for postcritically minimal Newton map.
Let us prove the following technical lemma on the parabolic Blaschke
products. We could not find a reference for its proof, so we provide
a full proof of it here. Recall that if z0 is a parabolic fixed point of
f with the multiplier +1, then in local holomorphic coordinates the
map can be written as a parabolic germ z + an(z − z0)n+1 + · · · with
complex an 6= 0 and integer n ≥ 1. The number n refers to the number
of distinct directions to converge to the fixed point. In the following
lemma, n = 2, and the parabolic
fixed point in this case is said to be double parabolic.
Lemma 2.6. Let E : D → D be a proper holomorphic function of
degree k ≥ 2. Assume that E has a critical point at z = 0 of (maximal)
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multiplicity k − 1 and has a double parabolic fixed point at z = 1 with
the multiplier +1. Then
E(z) = Pk(z) =
zk + a
1 + azk
where a =
k − 1
k + 1
,
and the Julia set of E is the unit circle S1.
Proof. Indeed, E extends to the whole Riemann sphere as a Blaschke
product. Denote E(0) = a, the critical value, and let
Ma(z) :=
1− a¯
1− a
z − a
1− a¯z
be an automorphism of D that fixes z = 1. Then the map Ma ◦ E is a
proper map of D such that Ma(E(0)) = 0, and z = 0 is the only critical
point with maximum multiplicity k − 1. Then Ma ◦ E(z) = uzk for
some constant |u| = 1. Since both Ma and E fix z = 1, we conclude
that u = 1. Then we obtain
E(z) =
zk + a1−a¯
1−a
1−a¯
1−a + a¯z
k
.
By assumption, E(z) has a double parabolic fixed point at z = 1. This
means that the fixed point equation E(z) = z has a triple solution at
z = 1. After simplification, the equation becomes
zk+1 − 1
a¯
zk +
1− a¯
a¯(1− a)z −
1− a¯
a¯(1− a) = 0.
Taking the second derivative of the left hand side of the latter, we
obtain
(k + 1)kzk−1 − k(k − 1)1
a¯
zk−2.
Requiring that z = 1 be its solution, we deduce a = k−1
k+1
. Thus
E(z) = Pk(z) =
zk + a
1 + azk
, where a = k−1
k+1
. The double parabolic fixed
point (two attracting petals with two basins, the open unit disc and
the complement of the closed unit disc) condition makes the Julia set
connected, the unit circle S1. 
Postcritically minimal Newton maps of the family (1.1) are not far
from postcritically finite Newton maps of polynomials.
Proposition 2.7 (Normal forms for postcritically minimal Newton
maps). Let Npeq be a PCM Newton map, U be any connected component
of the Fatou set of Npeq , and let V = Npeq(U). Then U contains a
unique center ξU . Moreover, there exist Riemann maps ψU : U → D
with ψU(ξU) = 0 and ψV : V → D with ψV (ξV ) = 0 such that
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(a) if U is an immediate basin of a parabolic fixed point at ∞ (in this
case V = U), then the following diagram is commutative
U
Npeq - U
D
ψU
?
Pk - D,
ψU
?
where Pk(z) =
zk+a
1+azk
with a = k−1
k+1
, the parabolic Blaschke product,
and k − 1 ≥ 1 is the multiplicity of the center of U as a critical
point of Npeq ;
(b) in all other connected component of the Fatou set (also including
periodic ones), we have the following commutative diagram
U
Npeq - V
D
ψU
?
z 7→zk- D
ψV
?
where k− 1 is the multiplicity of the center of U as a critical point
of Npeq , if the center is not a critical point then we let k = 1.
Postcritically finite Newton maps of polynomial do not have a par-
abolic fixed point, thus the first diagram is the key difference between
postcritically finite Newton maps of polynomials and postcritically
minimal Newton maps of complex exponential functions.
Proof of Proposition 2.7. To simplify notation, let R = Npeq . The Julia
set of the PCM Newton map R is connected, hence every connected
component of the Fatou set is simply connected. It is sufficient to show
uniqueness of a center in U as there always exists such a center by
Definition 1.3. If U is an immediate basin of a superattracting periodic
point (fixed points are also counted as periodic points) then the center
is the critical periodic point, which is unique. If U is a fully invariant
Fatou component (superattracting or parabolic) then we are done. Let
T be a component of R−1(U) other than U . Let CT be the union of
the set R−1(ξU) ∩ T and the set of critical points of R in T . Then by
Definition 1.2 we have R(CT ) = {ξU}. We want to show that CT is
a single point. This follows from the Riemann-Hurwitz formula since
R : T \CT → U \ ξU is unramified covering. Alternatively, observe that
pi1(U \ ξU) = Z and the induced map R∗ : pi1(T \ CT )→ pi1(U \ ξU) is
injective, hence CT is a single point, denote it by ξT . In other words,
R−1(ξU) ∩ T = {ξT}. Induction finishes the argument for all other
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iterated preimages of U , thus proving the uniqueness of a center in
every component of the Fatou set.
We finish the proof of the theorem by showing the existence of Rie-
mann maps with the suitable commutative diagrams. Let U be a par-
abolic immediate basin of ∞ and ψU be its Riemann map sending its
center ξU to the origin. The Riemann map ψU is uniquely defined up to
post-composition by a rotation about the origin. The point at ∞ has
many accesses, among which there exists a unique dynamical access.
After rotation, thus normalizing the Riemann map, we assume that this
access goes to z = 1. Denote F = ψU ◦R ◦ψ−1U , which is a proper holo-
morphic map, of degree k, of the unit disc with a single critical point
of multiplicity k− 1 at the origin. The map F has an extension to the
closed unit disk, still denoted by F . Then z = 1 is a double parabolic
fixed point for F . By Lemma 2.6, we obtain F (z) = Pk(z) =
zk+a
1+azk
,
where a = k−1
k+1
.
For all other cases (periodic or not), let U be a connected component
of the Fatou set and let V = R(U). Let ψU and ψV be the Riemann
maps of U and V sending their centers ξU and ξV to the origin respec-
tively (if U is forward invariant, then we let V = U and ψV = ψU).
Then F = ψV ◦R ◦ ψ−1U is a proper map of the unit disc with the only
fixed point at the origin. We have F (z) = uzk with |u| = 1, where
k is a natural number, the degree of F . Replace ψV and ψU by µψV
and sψU respectively (we denote them again by ψV and ψU and the
composition map by F ). Then F (z) = sµ−kuzk; with the choice of
sµ−kUu = 1 we obtain F (z) = zkU , where kU − 1 is the multiplicity
of the critical point ξU (kU = 1 if the center ξU is not a critical point
of R). If U = V i.e. U is a superattracting immediate basin, then we
have s1−ku = 1, hence u = sk−1, so we have k − 1 choices for ψU . If U
is not an immediate basin (U could be a parabolic component as well)
i.e. U 6= V then for a fixed choice of ψV we have µ−kUu = 1, hence
u = µkU , and there are kU choices for ψU . 
Remark. It is worth mentioning that for an attracting component of
the Fatou set the existence of the Riemann map satisfying the sec-
ond commutative diagram of the previous theorem is given in [DH,
Proposition 4.2], where the proof was carried out for postcritically fi-
nite polynomials. But the same proof also works for every attracting
component of the Fatou set of postcritically minimal Newton maps,
since a rational Newton map restricted to these components behaves
like a postcritically finite polynomial does.
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3. Background on Parabolic surgery for Newton maps
Turning hyperbolics (attracting and repelling fixed points) into par-
abolic fixed points or perturbing parabolic fixed points into hyperbol-
ics is a big issue in complex dynamics. In [GM93, page 16], Gold-
berg and Milnor formulated the following conjecture: for a polyno-
mial p with a parabolic cycle there exists a small perturbation of p
such that the immediate basin of the parabolic cycle of p is converted
to the basins of some attracting cycles; and the perturbed polyno-
mial on its Julia set is topologically conjugate to p when restricted
to the Julia set. Affirmative answers to the conjecture for the case
of geometrically finite rational functions were given by many peo-
ple, including G. Cui, P. Ha¨ıssinsky, T. Kawahira, and Tan Lei (see
[CT11, CT, Ha98, Kaw05, Kaw06]). We remark that the local dy-
namics near repelling and parabolic fixed points are never conjugate to
each other. Any quasiconformal conjugacy to a repelling germ is again
a repelling germ.
Let us recall definitions and properties of quasiconformal and David
homeomorphisms. Let U and V be domains in C. Let K ≥ 1, and set
k := K−1
K+1
. The orientation preserving homeomorphism φ : U → V is
called K-quasiconformal if the partial derivatives ∂φ and ∂¯φ exist in
the sense of distributions and belong to L2loc(U) (i.e. are locally square
integrable) and they satisfy |∂¯φ| ≤ k|∂φ| in L2loc(U). Quasiconformal
homeomorphisms are used in dynamics to work with functions that
are not conformal; leaving the space of holomorphic maps we gain be
more flexible but are still able to recover the conformal structure using
the Measurable Riemann Mapping Theorem and Weyl’s lemma. The
following properties of quasiconformal homeomorphisms are of great
importance for our purpose.
• If φ is a K-quasiconformal homeomorphism then so is its in-
verse;
• Quasiconformal removability of quasiarcs: If Γ is a quasiarc
(the image of a straight line under a quasiconformal home-
omorphism) and φ : U → V a homeomorphism that is K-
quasiconformal on U \Γ, then φ is K-quasiconformal on U , and
hence Γ is quasiconformally removable. In particular, points,
lines, and smooth arcs are quasiconformally removable.
• Weyl’s Lemma: If φ is 1-quasiconformal, then φ is conformal.
In other words, if φ is a quasiconformal homeomorphism and
∂z¯φ = 0 almost everywhere, then φ is conformal.
In the following, an extension of quasiconformal maps by relaxing the
uniform upper bound on dilatation is given. It is used by Ha¨ıssinsky
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for his parabolic surgery. Let us first define the David–Beltrami differ-
entials.
Definition 3.1 (David–Beltrami differential). A measurable Beltrami
differential
µ = µ(z)
dz¯
dz
on a domain U ⊂ C
with ||µ||∞ = 1 is called David–Beltrami differential if there exist con-
stants M > 0, α > 0, and 0 > 0 such that
(3.1) Area{z ∈ U : |µφ(z)| > 1− } < Me−α for  < 0.
Definition 3.2 (David homeomorphism). An orientation preserving
homeomorphism φ : U → V for domains U and V in Cˆ is called David
homeomorphism (David map or David) if it belongs to the Sobolev class
W 1,1loc (U), i.e. has locally integrable distributional partial derivatives in
U , and its induced David–Beltrami differential
µφ :=
∂z¯φ
∂zφ
dz¯
dz
satisfies the inequality (3.1).
The condition in the definition is referred to as the area condition.
The area in the definition is the spherical area. For domains that
are bounded, we use the Euclidean area instead. If we let Kφ(z) :=
1+|µφ(z)|
1−|µφ(z)| , the real dilatation of φ, then, equivalently, we can state the
area condition as the following: there exist constants M > 0, α > 0,
and K0 > 1 such that
Area{z ∈ U : Kφ(z) > K} < Me−αK for K > K0.
David maps are different from quasiconformal homeomorphisms in
many respects; for instance, the inverse of David map may not be
David. There is no Weyl’s type lemma for David maps, see [Zak04] for
more differences between quasiconformal and David maps.
But, similarly to quasiconformal homeomorphisms, quasiarcs are re-
movable for David maps, so we can glue two David maps along a nice
boundary to obtain a global David map.
Theorem 3.3. [BF14, D98, David Integrability Theorem] Let µ be a
David–Beltrami differential on a domain U ⊂ Cˆ. Then there exists a
David homeomorphism φ : U → V whose complex dilatation µφ coin-
cides with µ almost everywhere.
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The integrating map is unique up to post-composition by a conformal
map, i.e. if φ˜ : U → V˜ is another David homeomorphism such that
µφ˜ = µ almost everywhere, then φ˜ ◦ φ−1 : V → V˜ is conformal.
The following is parabolic surgery for polynomials.
Theorem 3.4 (P. Ha¨ıssinsky). [Ha98] Let p be a polynomial of degree
d ≥ 2 with a (non-super)attracting fixed point α with basin of attraction
A(α) and a repelling fixed point β ∈ ∂A◦(α), and assume β 6∈ Pp.
Suppose also that β is accessible from the basin A◦(α). Then there exist
a polynomial q of degree d and a David homeomorphism φ : Cˆ → Cˆ
such that
(a) for all z 6∈ A(α), we have φ ◦ p(z) = q ◦ φ(z); in particular, φ :
J(p) → J(q) is a homeomorphism which conjugates p to q on the
Julia sets;
(b) φ(K(p)) = K(q), φ(β) is a parabolic fixed point of q with the mul-
tiplier q′(φ(β)) = 1, and φ(A◦(α)) = A◦(φ(β));
(c) φ is conformal in the interior of Cˆ \ A(α).
Remark. Note that the construction of the above surgery procedure
is local (along the given access) and can be performed on rational func-
tions that are not necessarily polynomials. By a slight change of the
proof, this theorem can be stated replacing the attracting fixed point
by several cycles and the repelling point by cycles such that their peri-
ods divide those of the attracting points related to them, providing the
repelling points that are to become parabolic are not accumulated by
the recurrent critical orbits of p. In particular, it is possible to apply
surgery when some critical point eventually lands at the repelling fixed
point that is going to become parabolic. We shall go through the whole
process of the proof following [BF14, Section 9.3] but providing more
details.
We shall use the following classical result on lifting property of cov-
ering maps [H02, Section 1.3].
Lemma 3.5. Let Y, Z, and W be path-connected and locally path-
connected Hausdorff spaces with base points y ∈ Y, z ∈ Z, and w ∈ W .
Suppose p : W → Y is an unbranched covering and f : Z → Y is a
continuous map such that f(z) = y = p(w):
Z, z
f˜ - W,w
Y, y
p
?f -
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There exists a continuous lift f˜ of f to p with f˜(z) = w for which the
above diagram is commutative i.e. f = p ◦ f˜ if and only if
f∗(pi1(Z, z)) ⊂ p∗(pi1(W,w)),
where pi1 denotes the fundamental group. This lift is unique if it exists.
We must mention that parabolic surgery is not directly applicable to
superattracting domains. In order to overcome this difficulty, we need
to change these domains to (non-super)attracting ones.
Lemma 3.6. Let Np be a postcritically finite Newton map of degree
d ≥ 3 with a superattracting fixed point ξ. Let its basin A(ξ) with
a marked invariant access ∆+1 to ∞ in the immediate basin A◦(ξ) be
given. Then there exist a Newton map Npˆ of degree d and a quasicon-
formal homeomorphism φ : Cˆ→ Cˆ such that
(a) φ ◦ Np = Npˆ ◦ φ except on a compact set in A◦(ξ), in particular,
φ(F (Np)) = F (Npˆ) and φ(J(Np)) = J(Npˆ);
(b) φ(ξ) is an attracting fixed point of Npˆ with the multiplier N
′
pˆ(φ(ξ)) =
1
2
, and its immediate basin A◦(φ(ξ)) = φ(A◦(ξ)) contains a single
critical point;
(c) φ is conformal except on A(ξ);
(d) φ(∆+1 ) is a marked invariant access in A◦(φ(ξ));
(e) critical orbits in the Julia set and in superattracting basins are fi-
nite;
(f) all critical points in basin of φ(ξ) are in minimal critical orbit
relations: if c is a critical point in a strictly preperiodic component
U , of preperiod m ≥ 1, of the basin of φ(ξ), then N◦mpˆ (c) is a
critical point in A◦(φ(ξ)).
Remark. The lemma is still valid if we consider several basins in-
stead of one, we just need to work one by one with all marked basins.
We change the multiplier to be 1
2
with the goal to obtain the New-
ton map of some polynomial pˆ. But this choice is purely artificial; in
fact, it is possible to change the multiplier to be any non-zero λ ∈ D∗.
The lemma assures that not only is the multiplier changed at a super-
attracting fixed point, but we can also keep the marked invariant access
unchanged.
Proof of Lemma 3.6. The proof we supply is similar to that of the
straightening of polynomials-like mappings (see [DH85, Chapter 1,
Theorem 1]). Let Np be a postcritically finite Newton map of degree
d ≥ 3. Let ξ be its superattracting fixed point with its basin A(ξ). Fix
a single marked invariant access ∆+1 in the immediate basin A◦(ξ). By
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Proposition 2.7 the point ξ is the only critical point in A◦(ξ). Its local
dynamics is conjugate to z 7→ zdξ , where dξ > 1 is the multiplicity of
ξ as a critical point of Np. Let ψ : A◦(ξ) → D be a Riemann map
(Bo¨ttcher coordinate) such that ψ(ξ) = 0. It is unique up to rotation;
normalize it so that the fixed ray corresponding to the marked invari-
ant access ∆+1 maps to [0, 1], which we call the “zero ray”. We want to
change the multiplier at the fixed point to 1
2
so that we obtain a New-
ton map of some other polynomial pˆ. Then the polynomial pˆ should
have a single double root (other roots are simple) and thus its degree
is d+ 1.
For a given 0 ≤ b < k−1
k+1
, the Blaschke product Bb(z) =
zk+b
1+bzk
,
considered as a proper self map of D, has a unique attracting fixed
point α ∈ [0, 1), which attracts every point in D. Note that b < α,
otherwise if b ≥ α then αk + b ≥ αk +α this yields α(1 + bαk) ≥ αk +α
since α is a fixed point. After cancellations, we obtain bα ≥ 1, a
contradiction. The multiplier at α depends continuously on b. When
b = 0 the Blaschke product is z 7→ B0(z) = zk, then B′0(0) = 0.
If b ↗ k−1
k+1
then the multiplier at α converges to 1; in particular, α
also converges to 1. (It can be shown that the multiplier map is an
increasing function of b in the interval [0, k−1
k+1
], but this is not relevant
for us.) We choose b = b0 such that the multiplier at the fixed point
α = α0 is 1/2, i.e B
′
b0
(α0) = 1/2. To ease notations, let us drop the
index b0 in Bb0 and simply call it B.
Fix α0 < r < 1. Set Dr = {|z| < r} and S1r = {|z| = r}.
Then B−10 (Dr) = Dr1/k and B−10 (S1r) = S1r1/k . Denote A0 = Dr \ Dkr
and A1 = Dr \ B(Dr) closed annuli. Note that B(Dr) is a disk and
Mb(Dkr) = B(Dr), for the Mo¨bius map Mb(z) = z+b1+bz with b = b0. More-
over, Mb is biholomorphism (the Riemann map) from Dkr to B(Dr).
Consider Mb : S
1
rk
→ Mb(S1rk), and lift it to the map ψ : S1r → S1r
such that Mb ◦ zk = B ◦ ψ and fixing r. Then ψ = id. Using [BF14,
Proposition 2.30], interpolate id : S1r → S1r and Mb : S1rk → Mb(S1rk) to
obtain a quasiconformal map h between A0 and A1. Define a quasireg-
ular function (a composition of holomorphic and quasiconformal map)
g : D→ D as follows
g(z) =

zk, z ∈ D \ Dr,
M−1b ◦B ◦ h(z), z ∈ A0,
M−1b B ◦Mb(z), z ∈ Drk .
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Figure 2. Surgery on the unit disk. Two outer disks
are the unit disks, the two annuli in yellow are A0 and A1
and the inner white disks are Drk and B(Dr) respectively.
If we simplify the above formula for g, we obtain
g(z) =

zk, z ∈ D \ Dr,
hk(z), z ∈ A0,
Mkb (z), z ∈ Drk .
Fig. 2 shows how we cut and past new dynamics in the unit disk.
Note that g(M−1b0 (α0)) = M
−1
b0
(α0) and z = −b0 is a critical point
of maximal multiplicity k − 1. Also note that the interval [r1/k, 1] is
invariant. Since z = 1 is a repelling fixed point for B0, the interval[
r1/k, 1
]
is contained in the marked invariant access coming from B0
and is invariant for g by the construction. We shall construct µ, a
g-invariant Beltrami form. Let µ0 be the conformal structure, define µ
on Drk as µ = µ0. In the annulus A0 define it as a pullback by hk, i.e.
µ = (hk)∗µ0. Finally, we extend µ to the rest of D by the dynamics
of g, observing that for every z ∈ D \ Dr, there is a unique n ≥ 0
such that g◦n(z) belongs to the half open annulus A0 \ S1rk ; moreover,
g◦n(z) = B◦n0 (z). Hence µ is defined recursively as
µ =
 µ0 on Dr,(hk)∗µ0 on A0,
(Bn0 )
∗µ on Bn0 (A0).
By our construction, µ is g-invariant and its maximum dilatation sat-
isfies ||µ|| = ||((h)k)∗µ0|| < 1.
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Recall that ψ : A◦(ξ)→ D is the Riemann map. Let us transport g
to the immediate basin A◦(ξ) of Np and define a continuous function
F (z) =
{
ψ−1 ◦ g ◦ ψ(z), z ∈ A◦(ξ),
Np(z), z 6∈ A◦(ξ).
Note that F (z) = Np(z) for z ∈ ψ−1(D \ Dr). We will now define
an F -invariant Beltrami form µF in Cˆ. In the immediate basin A◦(ξ)
define µF as the pull back of µ by the Riemann map ψ : A◦(ξ) → D;
for other components of the basin A(ξ) we spread it by the dynamics
of F . We put the standard complex structure on the complement of
A(ξ), thus obtaining an F -invariant Beltrami form µF . We apply the
Measurable Riemann Mapping Theorem [BF14, Theorem 1.28] to µF
deducing a quasiconformal homeomorphism φ : Cˆ → Cˆ, unique up
to an automorphism of Cˆ. The conjugation φ ◦ F ◦ φ−1 is a rational
function on Cˆ. Let us normalize φ as to fix ∞. Then φ ◦ F ◦ φ−1 is a
Newton map of some polynomial, denote the polynomial by pˆ. Thus
Npˆ = φ ◦ F ◦ φ−1 is the resulting function. The maps Np and Npˆ are
conjugate in some neighborhoods of their Julia sets. The conjugating
map transforms invariant accesses in A◦(ξ) of Np to that of Npˆ, so we
obtain a marked invariant access of Npˆ corresponding to the marking
∆+1 . We still use the same notation ∆
+
1 for the resulting access and
channel diagram, even though the channel diagram is defined only for
postcritically finite Newton maps. We have marked invariant accesses
but the new marked channel diagram is not invariant under the new
function, but it is invariant near ∞ this is what all we need for our
application of parabolic surgery. By construction, all the conditions of
the lemma are satisfied. 
Remark 3.7. In the proof of the previous lemma, let us straighten the
g invariant conformal structure on D, normalize it to get φ that fixes
the origin. Set E = φ ◦ g ◦ φ−1; then E is a Blaschke product with
an attracting fixed point α in D, and the origin is its critical point of
maximal multiplicity. Compose φ with a rotation about the origin so
that the critical value of E is real and positive. Since φ is conformal
near α, we have E ′(α) = 1/2. It is easy to see that E(z) = uz
k+b
1+buzk
,
where b > 0 is the critical value, and |u| = 1. Then 1/α¯ is also a fixed
point of E with the multiplier E ′(α). We obtain a system of equations,
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of which α and 1/α¯ are the only solutions:
uzk + b
1 + buzk
= z(3.2)
kuzk−1(1− b2)
(1 + buzk)2
=
1
2
(3.3)
Solving (3.2) for u and plugging this into (3.3), we obtain the fol-
lowing quadratic equation
k(z − b)(1− zb) = 1
2
z(1− b2).
By assumption, the last equation should have solutions α and 1/α¯. This
implies that α > 0, in particular, it is real. Then u is also real and
positive, which results to u = 1. Thus E(z) = z
k+b
1+bzk
. By assumption
z = 1 is a repelling fixed point with the real multiplier, which implies
that 0 < b < k−1
k+1
.
By application of Lemma 3.6 to Np with its marked basins, we obtain
a Newton map Npˆ and a quasiconformal map φ0 such that φ0 ◦ Np =
Npˆ ◦ φ0 except on a compact set. Moreover, every marked immediate
basin of Npˆ is now (non-super)attracting with a single critical point in
it, and Npˆ is postcritically minimal on these marked basins, meaning
that its critical orbits are in minimal critical orbit relations.
The compositions φ◦ψ and ψ◦φ of a quasiconformal homeomorphism
ψ with a David homeomorphism φ are again David homeomorphisms,
since a quasiconformal homeomorphism distorts area in a bounded
fashion by Astala’s theorem [A94]. It is enough to work with Npˆ,
but to simplify notations we still denote it by Np. The relation is
φ0 ◦ Np = Npˆ ◦ φ0 except on a compact set contained in the union of
marked immediate basins of Np.
It is easy to carry out the surgery for the Blaschke products on
the unit disk and then transfer it to the marked immediate basins via
Riemann maps. Let
B(z) =
zk + b
1 + bzk
be the Blaschke product of degree k ≥ 2 for b = b0 as defined in the
proof of Lemma 3.6 (see also Remark 3.7). Considered as a self map of
the unit disk, B(z) has a unique critical point of maximal multiplicity
k−1 at the origin, and its Julia set is the unit circle. Moreover, B(z) has
an attracting fixed point α0 ∈ (0, 1) with B′(α0) = 12 , which attracts
every point in D, while z = 1 is a repelling fixed point with the real
multiplier λ = 1−b
1+b
k. Recall that Pk(z) has a double parabolic fixed
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point at z = 1, which also attracts every point in D. In both cases the
interval [0, 1] is invariant, and the critical orbit marches monotonically
along this segment towards z = α in the case of B(z) and towards z = 1
in the case of Pk. The interval [0, 1] corresponds to the dynamical access
for Pk(z).
Now we consider the local dynamics around the repelling fixed point.
Let f(z) = λz with λ > 1 be the repelling model map. We define the
sector
S := {z ∈ C | θ ≤ arg z ≤ 2pi − θ and 0 < |z| < 1/λm} ,
for m > m0, where m0 is large, and 0 < θ < pi (see Fig. 3). We write Q
f
m
for the quadrilaterals bounded by the segments [(1/λm+1)e±iθ, (1/λm)e±iθ]
and arcs of radii 1/λm+1 and 1/λm contained in S (see Fig. 3). Note
that Qfm = f
−◦m(Qf0). It is easy to observe that the map z 7→ ω(z) =
Logλ
Logz
conjugates f on Dλ−m \ S to the parabolic model map
g : ω 7→ ω
ω + 1
on the cusp C = g(Dλ−m \S) with vertex at the origin, i.e. ω◦f = g◦ω
on Dλ−m \ S (see Fig. 3).
Figure 3. Illustration of the function χ. The shaded
region on the left corresponds to S ∩ Dλ−m and rm =
|ω(λ−me±iθ)|  1
m
. The initial map z 7→ ω(z) sends the
white region (the complement of S) on the left to the
white region on the right.
We write
a(t)  b(t)
for two positive valued functions a(t) and b(t) if there exists a constant
C > 0 such that C−1b(t) ≤ a(t) ≤ Cb(t).
22 K. MAMAYUSUPOV
Lemma 3.8. There exists a David extension χ of z 7→ ω(z) to a neigh-
borhood of the origin with Kχ  m on Qfm.
Lemma 3.9. There exist a piecewise C1 homeomorphism φ : D → D
and a sector SB ⊂ D with vertex at z = 1, which is a neighborhood of
α, such that
(a) for all z ∈ D \ Sb, φ ◦B(z) = Pk ◦ φ(z);
(b) there is a set S ′B, which is the intersection of SB with a neighborhood
of z = 1, such that φ : D \⋃k B−◦k(S ′B) → φ(D \⋃k B−◦k(S ′B)) is
a quasiconformal homeomorphism;
(c) on the quadrilaterals QBm in S
′
B defined as Q
f
m for Lemma 3.8, we
have Kφ  m for all m ≥ m0.
For the proofs of the last two lemmas we refer to [BF14, Lemmas
9.20 and 9.21].
Topological surgery. In order to ease the notations, let us do the
construction for one basin only, and denote by ξ an attracting fixed
point and by A◦ its immediate basin with a single critical point cξ of
maximal multiplicity k − 1 = deg(Np, cξ) − 1. Consider the Riemann
map
ψ = ψA◦ : A◦ → D
such that ψ(cξ) = 0; now we can still post-compose it with a rotation.
Let
E = ψ ◦Np ◦ ψ−1 : D→ D.
By construction E has a critical point of maximal multiplicity at the
origin and has an attracting fixed point in D with the multiplier 1/2.
By Remark 3.7 we obtain E(z) = z
k+b
1+bzk
for some 0 < b < k−1
k+1
. Denote
B(z) = E(z), then ψ(ξ) is a fixed point of B.
Consider the map φ : D→ D given by Lemma 3.9, which is a partial
conjugacy between B and Pk. Let Bˆ = φ
−1 ◦Pk ◦φ be the conjugation.
Hence, Bˆ = B except on the sector SB. We transfer this data to the
immediate basin: define F = ψ−1 ◦ Bˆ ◦ ψ on A◦ which coincides with
Np except on the sector ψ
−1(SB).
Finally, set
G(z) =
{
F (z), z ∈ A◦,
Np(z), z 6∈ A◦.
This map G is our topological model: a ramified covering of degree d
and piecewise C1. We have to ensure that all critical points of G satisfy
minimal critical orbit relations; we know that Np does by construc-
tion. Let U be a component of the basin A, of preperiod mU ≥ 1 i.e.
G◦mU (U) = N◦mUp (U) = A◦, and let cU ∈ U be a critical point in U , the
center of U . Recall that by construction G◦mU (cU) = N◦mUp (cU) = cξ,
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where cξ is a critical point of Np in A◦, its center. By the definition of
the Riemann map ψ = ψA◦ : A◦ → D with ψ(ξ) = α and ψ(cξ) = 0,
we have
F = ψ−1 ◦ Bˆ ◦ ψ = ψ−1 ◦ φ−1 ◦ Pk ◦ φ ◦ ψ.
It is easy to observe that B−1(b) = P−1k (a) = {0}. From φ(B(0)) =
φ(b) = a = Pk(0), it follows that φ(0) = 0. We have F (cξ) = ψ
−1(b)
and F−1(ψ−1(b)) = {cξ}; hence, cξ is a critical point of F . This is a
crucial property of our model map: after applying the straightening
theorem, we obtain a postcritically minimal Newton map.
Straightening of almost complex structure. We will define a
G-invariant almost complex structure µ in Cˆ. Let µˆ = ∂z¯φ/∂zφ, which
is a David–Beltrami form. It is defined on D and invariant under Bˆ.
We transport it to the immediate basin A◦ by defining the pull back
µ = ψ∗µˆ. We have the commutative diagram
(D,µ0)
Bpar- (D,µ0)
(D, µˆ)
φ
6
Bˆ - (D, µˆ)
φ
6
(A◦, µ)
ψ
6
F - (A◦, µ)
ψ
6
We extend µ recursively by dynamics of F (which is equal to Np
outside of the sector ψ−1(SB)) to the rest of the dynamical plane as
µ =
{
(N◦kp )
∗µ on N−◦kp (A◦) for all k ≥ 1,
µ0 on C \
⋃∞
k=1 N
−◦k
p (A◦).
By definition the map G leaves µ invariant.
Compare [BF14, Lemma 9.23] to the following lemma where we in-
clude the case ∞ ∈ PNp , the postcritical set of Np.
Lemma 3.10. The G invariant µ defined above satisfies the hypothesis
of David Integrability Theorem (Theorem 3.3).
Remark. The proof we provide is slightly different than the one given
in [BF14, Lemma 9.23]. Our proof is applicable even if there is a critical
orbit landing at the repelling fixed point at ∞ for PCF Newton maps
of polynomials.
Proof of Lemma 3.10. Let V be a simply connected linearizable neigh-
borhood of∞. Let U be a connected component of N−1p (V ) compactly
contained in V . Let S∞ = ψ−1(S ′B), where ψ = ψA◦ : A◦ → D is
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the Riemann map defined above, and S ′B is as in Lemma 3.9. Set
ρ = N ′p(∞) = dd−1 > 1, and let Kµ be the real dilatation of µ; by
Koebe’s Distortion Theorem and Lemma 3.9 there exists a constant
C1 > 0 such that for m large enough,
(3.4) Area {z ∈ S∞ | Kµ > m} ≤
(
C1/ρ
2m
)
Area {S∞} .
Moreover, for m large enough we have
(3.5) {z ∈ S∞ | Kµ > m} ⊂ U.
From now on we assume that m is large enough that (3.5) is satis-
fied. If N◦kp (y) = ∞ for some y ∈ C and k ≥ 1, then let Sy be a
connected component of N−◦kp (S∞) with vertex at y. Here we need to
be cautious: if the orbit of y contains a critical point then we end up
having more than one component with a shared vertex at y; in total, we
have deg(N◦kp , y) components, the local degrees are uniformly bounded
above by d−2, the number of free critical points of Np. Let us fix k ≥ 1,
and let U ′ and V ′ be connected components of N−◦kp (U) and N
−◦k
p (V )
respectively such that y ∈ U ′ b V ′. The maps N◦kp : (V ′, y) → (V,∞)
and N◦kp : (U
′, y)→ (U,∞) are coverings, both ramified at y if the orbit
of y contains a critical point of Np. As Np : U → V fixes∞, its lift is a
repelling germ. To obtain the lift, we fix base points w0 for U \{∞} and
its image Np(w0) for V \ {∞} such that both w0 and Np(w0) belong to
S∞. Pick a component S ′y of N
−◦k
p (S∞ ∩U) that is included in U ′. Let
y0 and z0 be base points for U
′ \{y} and V ′ \{y} respectively such that
y0 ∈ N−◦kp (w0)∩S ′y and z0 ∈ N−◦kp (Np(w0))∩S ′y. Once the component
S ′y is fixed there is only one choice for y0 and z0. As Np is one-to-one
on U , the induced homeomorphisms at the level of fundamental groups
of involved domains are isomorphic, and thus we can apply Lemma
3.5 to the pair Np ◦ N◦kp : (U ′ \ {y}, y0) → (V \ {∞}, Np(w0)) and
N◦kp : (V
′ \ {y}, z0)→ (V \ {∞}, Np(w0)), obtaining a lift
L : (U ′ \ {y}, y0)→ (V ′ \ {y}, z0)
with L(y0) = z0 such that the following diagram commutes:
(U ′ \ {y}, y0) L - (V ′ \ {y}, z0)
(U \ {∞}, w0)
N◦kp
?
Np- (V \ {∞}, Np(w0))
N◦kp
?
The lift L is a one-to-one conformal map and satisfies N◦kp ◦L = N◦(k+1)p .
We extend L to y by Riemann removability theorem, and it is easy
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to see that L(y) = y. Different choices of S ′y, and thus different
base points, produce lifts that differ from each other by a composi-
tion of a deck transformation of the covering map N◦kp : (V
′ \ {y}) →
(V \ {∞}). Easy calculation shows that (L′(y))k0 = N ′p(∞) = ρ, where
k0 = deg(N
◦k
p , y) ≤ d−2. By Koebe’s Distortion Theorem and Lemma
3.9, there exists a constant C2 > 0 such that
Area {z ∈ Sy | Kµ > m} ≤
(
C2/ρ
2m/k0
)
Area Sy
≤ (C2/ρ2m/(d−2))Area Sy,(3.6)
for all preimages y ∈ C of ∞. The constant C2 depends only on the
multiplier (distortion of L) at the fixed point y, thus there are only finite
number of possibilities (at most d− 2). Let us denote the maximum of
these constants by C2 again. From (3.4) and (3.6), we deduce that for
m large enough,
Area
{
z ∈ Cˆ | Kµ > m
}
= Area {z ∈ S∞ | Kµ > m}
+
∑
k≥1
∑
N◦kp (y)=∞
Area {z ∈ Sy, Kµ > m}
≤ (C1/ρ2m)Area {S∞}
+
∑
k≥1
∑
N◦kp (y)=∞
(
C2/ρ
2m/(d−2))Area Sy.
In the above summands in y ∈ C with N◦kp (y) = ∞ all deg(Np, y)
different Sy are included if y is a critical point. Hence,
Area
{
z ∈ Cˆ | Kµ > m
}
≤ (C/ρ2m/(d−2))Area X = C ′e−2m ln ρ/(d−2),
where C = max(C1, C2), C
′ = CAreaX, andX = S∞∪
⋃
k≥1,N◦kp (y)=∞ Sy
is the total domain under the consideration. Since the area of X de-
pends on which metric we are using, if we want to use the Euclidean
metric then we have to make sure that ∞ belongs to the interior of
the complement of X in Cˆ. This can be done by conjugating Np by a
Mo¨bius map in the beginning of the whole construction so that the set
X stays bounded with a finite area. For instance, by a suitable con-
jugation we can put ∞ into some immediate basin. Alternatively, we
can use a spherical metric in Cˆ; then the area of X is finite again. This
proves the estimate on Kµ and finishes the proof of the lemma. 
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The David Integrability Theorem (Theorem 3.3) asserts the existence
of a map φ which integrates µ. Now we obtain a holomorphic function
from of the construction.
Lemma 3.11 (Straightening). [BF14, Lemma 9.25] If there is a David
homeomorphism φ : Cˆ→ Cˆ such that the equation ∂z¯ψ = µφ∂zψ has a
local solution, unique up to post-composition by a conformal map, and
such that G∗µφ = µφ a.e., then R := φ ◦G ◦ φ−1 is a rational function.
Proof. Indeed, on every disk where G is injective, φ ◦ G has the same
Beltrami coefficient as φ; hence, there exists a conformal map, say R,
such that φ ◦G = R ◦φ, which follows from uniqueness of the solution.
There is a discrete set of points, which is the set of critical points of
G, where G is not locally injective; hence by Riemann removability
theorem, R is a rational function. If our map was a polynomial then
it can be shown that the result is again a polynomial of the same
degree. 
4. Proof of Main Theorem 1.4
In this section, relying on the surgery construction of previous sec-
tion, we prove our main result.
Proof of Main Theorem 1.4. Let Np be a postcritically finite Newton
map of degree d ≥ 3, and ∆+n be its marked channel diagram with
1 ≤ n ≤ d. For all 1 ≤ j ≤ n, let A(ξj) be the marked basins of
superattracting fixed points ξj. Applying Lemma 3.6 to Np through
its marked basins and we obtain a Newton map Npˆ and a quasicon-
formal map φ0 such that φ0 ◦ Np = Npˆ ◦ φ0 except on a compact set.
Every marked immediate basin of Npˆ becomes (non-super)attracting
with a single critical point in it, and Npˆ is postcritically minimal on
these marked basins, meaning that its critical orbits are in minimal
critical orbit relations. Note that during the surgery construction of
the previous section, we denoted the result again by Np. Now we need
to go back to the original notation, φ0 relates Np and Npˆ.
The last lemma of the previous section yields a David homeomor-
phism φ1 and R such that φ1 ◦G = R ◦ φ1, where G was a topological
model. By construction, ∞ is a parabolic fixed point of R with the
multiplicity +1, and finite fixed points are superattracting, since φ1
is conformal away from marked basins; hence R is a Newton map, say
Np˜eq˜ . All finite fixed points of R are superattracting and there are d−n
of them. Thus ∞ is a parabolic fixed point with multiplicity n + 1,
implying that deg(q˜) = n. Conjugation preserves dynamics, and in
fact by construction G satisfies minimal critical orbit relations, hence
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R = Np˜eq˜ is a postcritically minimal Newton map. The homeomor-
phisms φ0 and φ1 are conformal except on the corresponding marked
basins. Set φ = φ1 ◦ φ0. Finally, we have φ ◦ Np = Np˜eq˜ ◦ φ away
from marked immediate basins of Np. Moreover, φ is conformal on
the interior of the complement of marked full basins of Np, unmarked
components of the Fatou set. Moreover, by the construction of the
previous section, the marked invariant accesses of the marked channel
diagram ∆+n of Np became dynamical accesses of the parabolic basin
of ∞ for Np˜eq˜ . Thus, all conditions of Main Theorem 1.4 are fulfilled
for φ and Np˜eq˜ , finishing the proof. 
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